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RESUME, La modéle Gresnlab esi un modéle de cmissance des plantes combmant & la fos
l'architeciure e 'écophysaloge. B sappuie sur e foncliomement d'un auicmale determnisie au
stachastigue. Dans |2 cas stochastique, des planies avec les mémes paramétes endogones
peusand avair des anhileciores ef des productions de bipmasse 1nés différantes. Afin da décring les
deinbubons siochasbques des vanahlos du systeme nous charchans & dalermings |Gurs
principaux mamanis, Mous présanions una mélhoda rdcrsive pour 16 cakul de 1@ moysnng @ da
I variance du nambre gorganas, B NouE en dediasons i moyanne at la varanca da la production
oe hiomassa. Les résutals Théoriquas sonf validés par une simulation de Monte-Canio

ABETRACT. Recently, plard medels combining bath physiclogy and anchiteciure hasve boen
attracting mare and mane attentan Greenlab’ is such kind of funchonal-structral model. based
on a defermimistic or stochastic aviomadon, In ihe stochastc case, given the same parameters, th
resuliing plants can be nolably differert n terms of achiecture and biomass production To
describe the slochastic disinbutons of the system variables, we nead 1o evalase thair principal
momants acoording 1o model paramaters. We present a recursive methbod for computing the mean
and variance of tha number of organs and biomass production. These theoretical resuls e
valdated by comparing them wilh Monte Cardo simulabons

MOTS-CLES © Modea de crotssance da planbes, processus slochasligue. simulation de Monle
Carle
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1. Introduction

Plan: growth modelling has known in secent vears a log of significant improvemenis,
particularly with the development of functional siroctural models (FEM), e models
describing both architectwre and photogynthesis, see for example LIGNUM [3].
AMAPHydro [5], and more recently GreenLab [4.8].

In ficlds or forcsts, similar plants in the same envircnmental conditions can have
different growth processes. It is taken indo acoouni in various methods of plant
simlation, see for cxample [6], in order to give a realistic effect for visualization. In
Greenlak, organogenesis s modelled by a double-scale automaten, of [#) 1t can be
deterministic or stochastic, in order 1o represent mare properly the natural vanability of
plamis. Bud activity 15 thus described as a stochastic process, Analvsis of model
behaviour has been done in the deterministic case [T]. For the siechastic growth, it is
possible to get statistical resulis with Monte-Carlo simulation, but it"s inefficient. In this
article is presented for the first time o0 method to determine analytically the mean and
varunee of the number of organs and biomass production according o parameters. First,
GreenLab model is introduced and the stochastic bud behaviours ane described. Then we
present the method of recursive compatation of mean and varianee of the nurmber of
argans and for the biomass prodection, Examples are shown to help understanding,

2. GreenLab model

2.1. Organogenesis model

To gencrate plant architecture, a dual-scale putomaton was designed, see |[B] amd
Figure 1. There are two kinds of states, namely macrostates and microstates, which
comespond 1o growih wnits and metamers, A growth onit (G} is generated by o bod amd
is the part of an axis appearing during a growth cvele, It can contain Ny metomers, A
metamer 15 a botanical unit composed of an memode, & leaves and Ny axillary buds.
Thus. an axis is & succession of growth unis, and we define a substructure ns an axis
with its branches. In the automaton, the bodanical nobien of physielogical age (PA) is
used to represent the organs differenciation. The PA of axillary buds are superior to tha
oof the bearing axis and the different microstates in the same macrostate are distinguished
by the PA of their buds. PA vanes from 1. for the initial macrostate, to &, , for the
terminal one. We also define the chronelogical age (CA) of o botanical unit as the
number of growth cycles since i1s appearance.

In the putomaton, the number of repetitions of macrostates 15 N, (for cach PAL
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F'inum 1. GreenLab dual-scafe aufemnalon for organogenests. see [B]
2.2 Bud probabilities

I real plants, ab eoch evcle, o bud may die, rest or grow. Thus, four kinds of
probabalines are intreduced to moke the autormenton stochastic:
1y Survival probabilicy of femrinal buds e, see Figuee Mal 10 the terminal bud dies (=),
the axis stiops growing, smd the resulting number of GL i the oxis is-a geometrical Liv;
2 Girowth peobability of terminal buds gy, see Figime Kby B the bud survives, [ can
gronw With probubility gy or rests with probability 1= pg 1 pe- =1, the rsulling number
of GLT im the axid follows a binomial law of parumeters M, o,
3% Probabifity of metaner appearmmes pr, sée Figure o) The number of metamens per
Gl % mandom wnd Tellows o Binomial Bw of parameters 8§ op;
&) Frobabihiy of growth of Toerl buds gy . see Figuse 24d).
These probabslities can have different values for each PAC Finally the numbsers of
internosdes result from ol of them, and thas follos compouni distributions
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2.3 Photosynthesis model

The maodel describes the biomass production and it panitioning among organs al
each growth cvele, IT we suppose (hat leaves function for only one cycle (case of
lemperate trees), the recurment equation of komass production can be written in the
fol lovwing formm;

Otn) = E Limy QHn=1) )
AL+ 8 MNe—1)

where (i is the biomass produced at growih eyele |, (vl being the seed), Linis the

number of functioning leaves, £ = the environmemal Foctor, A and B are parameters

repeesenting source-sink relationships, aflometric nales and photosynthesis functioning

in the plant. Deetails can be foumd in | 7).

3. Mean and variance of the number of leaves

Since the member of leaves per metamer is o constunt parameter, we only need Lo
compute the number of metamers. The basic idea for the fellowing computation is that
cach plant substructure is chamcterized by s CA and PA, and can be decomposed intos
a bearing axis and axillary substructures of superior PA. MNatwrally, the number of
mietamers in the structure @5 the sum of those from the bearing axis and from its
substructures. This relationship can lead to n recursive computation method. We begin
by the simplest structures with maimum PA {(Pmj, without branches, and end with the
most complex one of PA=1, which represents the full plant structure,

3.1 Number of metamers in an axis

First, we recall an importont resalt on compound stochastic processes, see [1] ©

If o variable =X+ Xob .+ Xy where X, 715i<V) are independent and identically
dlixtribisiogd vartalles, ¥ & o random wariable, Bher mean and varienee of £, Mz and ¥z
can be compided from thar of X and ¥

{.Hx =M M,

. (2)
V,=MFVF +F M,
At every ovele, the terminal bud survives with a probability g Thus, a1 cyele §, the
prohakility that the bsd il lives is p. Let X, be the siochastic variable such that X=1
il at eyele ¢ the bud still lives, Y=0 otherwise. Then, we obviously get:
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M =p od ¥ =p (l-p}
skt covarianes betwden X, and X, s

CovlX X V=p {l=p )1j=F)

Lirt 1 b the Bormoadli variable seeh that Y=0 0 @ living bisd grooes, the

M=p mdl ¥V =pil=-p,)

IF¥=1, lel v he the siochastie mumber ol metemers in the OUL 1 fsllows 4 Binoomdol low:
M=Np &l V=Kpil-p)

Considering that 4, the number of metamers produded by a Tiving bud is 000 F=0or ¥ if
Y=1, we get from the compounad processes equations (21

M=MM od F=MF+yM"

Likewise, fet i be the number of new metamers created-at cycle & B i 0 if the bud
dies, inal 7 otherwize, We gel!

M s M ad V=MV +VM

The covariances sre:

Contgg g J= M Cani XL X )

Froally, we can deduce. i | the totol nmber of metamers moan axis of CA &, g8 the s

af all metamers created from cyele T tecyele s, where s=minl Y, AL and we get

M o= E M o=MM

.' L &Y
vo=3 o #23 Y Conlup =T M, M VM,
with M, =(M . M, )i ¥, =(F .0k},
T ! pll=p) pell=p) — pell=p)
PR I N S I | By S AL A B L L )
M, o N

peil=ps) pRil=pp) o pil=pl)

Moz thad Thas resali as dhe roolisdemensiomal fomm of Foguation { 3§
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3.2 Extension to branching structures

It is possible o generalize the resulis obtained for a single axis o the nsumber of
metamers of each PA in g substrocture, Any structure can be decomposed into an axis
and posaible subsiructures, Let Sik N be the pumber of metamers of PA o in a
structure of PA & and CA N The case m=k corresponds o that of o single axis and has
been solved in the previows section. IT gk, the counting process is recursive, and we
have:

Sik,m Ny = Z.if Z ail.‘i',q_,f,m, N -i)

=l o BN L
where ¢ (K, F) is the number of lateral substructures of PA § on an axis of PA & a
cyvcle 0, amd 5 (& 6, N —=01For 1272 g0k, ) are different realizations of the same
stochastic variahle,

Applying several times the compound processes equations (2) and in the same way
ol the previous section, we can prove that the mean and variance of & m N are:

M, _ =MM
. (4)
V. . =V M +MV M
wihiere:
M=ls . - M) - Foe]

Tz, wie have obtined & recursive way 1o compute the means and variances of the
number of metamers for every substructure in the plant. In tabledl) is shown the
comparison  between the theoretical results and  those obtwined by Monte-Carlo
simmelation {300 tests) on a stochastic plant with 4 different PA. The Giting 15 very good.

Mean

A 1 2 3 4 OTHT
Formula GH.ET 23134 AR3.603 200945 24493 46
Simulption 68.77 24016 509,28 2155.23 Jike3.04

Varinnee
PA | 2 3 4 total
Formula 226.04 3619.20 933714 23610583 474455 45
Srmuilution 211.31 346319 19609, 54 24511326 4ndaaa04

Table 1. MWean and vanance of e pumber of metames
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4. Mean and variance of the biomass production

Equeation (1) shows that if the organogenesis s stochastic, as the number of leaves
varies, the biomass production will also be siochastic. In this section, thanks 1o
differential statistecs, we derive o direct way o compuie approximated vahses of the
mican and variance of the biomass production.

Let X, ¥, & be stochastic variabbes such thit £=fX F) [Twe know M M F , F and
Cove ¥, we can gel approximaled values of the moments of £ thanks to differential
skatisics;

o ; g
My = FUMy M+ —( SO MW+ O MW+ 20 M, M, o X, T))

Ve = (00, MY Ve +(50M, M) ¥y + 25 (M MUV EM My W (X, T)

From Equation {1}, we know thai 00, the biomass peoduction at eycle », iz a
function of Lfek, the number of leaves at evele n, and of Qfe-Jr Thus, we obiain a
recurrent way of computing the mean snd voriance of the biomass production: if
M, amd F _ are known, we compute M, and V) thanks 1o the method

1
developed in section 3, we evaduste numerically the correlution between Lind and Ofn-f}
(in order b gel Cowlinl,Ve-1), and we deduce from the previous eguations

approximated values of M and Actually, o theoretical expression of

il-I|_||..| .

Cowlinl Oe-Thean be denived. It will be presented in a coming paper.

Legves Distnbution Blomass Diatribidion
Figure 3. Companzon betwaen theoratical distmbubions and simufations of the yeids
of @ full sfochashc plamt
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In Figure 3, we show the numerical resales obained for a plant with 3 PA, with one
metamer per (L), bearing up 1 2 branches and pr- =09, p; =0LE, pe =05 for all PA, We
suppose that the leaves and biomass distributions are gaussian as they are the resuliz of
numerows additive Bemoulli processes, and we compare the theoretical distributions
obtained with the moments evalusted by our methods and the samulaied distabutions for
250 repetitions, at CA 20, The fiting is pretty good,

5. Conclusion

We have presented algorithmic methods 1o derive the mean and voriance of a
sinchastic plam number of organs and biomasa production. The sesulis are synthetic and,
for the first time, do wot need a plant reconstruction, althowzh they rely on the details of
the architeciure functioning. For most applications, these momens can be sufficienl for
the descriplion of the vield, bul the mathematical determination of the complee
distributions for branching structures remains unsolved and is par of our current wiorks.
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