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RESUME. Mous prisantans una wananis tas akmants finis mixkes hybridas bibe sur 'idéa de basa
das wolumas fins Mous montrons que comme dans |e cas des alements finis mstas yhrides la
makice assocke au problme disorat ost symatrique of difines positive, En ullisam una version dis-
critha do I'inégalitd do Pomcarg-Friedrichs nous montrons o stabiigd ot dabissons dos astimations
darcurs pour les potontinis aw coantre des mailles, les patenticis of s flux sur les imerfaces. Das
résultats numeérigues sant présanbds paur un agquifane fiolf ot un aquilése rel

ABSTRACT. Wa present o vawiant of minved bytird finile akement mathod wsing baso ideas of finile wi-
wne meibad. 'We show that as in mixed hybwid finile 2lement megthed, sohing fe assooaied dscrete
sysiem reduces to the sclution of a syrmmelric pasitve definile Inear system whare imerlace dscrets
polentials are uiknoens. Usng a discrebs Poncaré-Frigdrichs fype inegualily 'we show stability and
derivd mmor sstimates for inberlace palential, cell potential and fuxes. Mumerical resuls for Rctiious
aend real-ife aguilers &g présanbed

MOTS-CLES : Wielumes inis mixtes hybrides, scoulamant, aqubéne, smulation. slabiid, astimations
dameurs
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Introduction

Our intent in this paper is to propose o based mixed hybrid finite volume formula-
tion for diffusion problems in general and single-phase Aow in geslogical reservoir in
particulor. An imporant feature of our numericol spproach is tht it cen handle external
effects such ns the presence of o lake on the interfuce of two adjacent grd-blocks or a
river moving stmultaneonsly on grid-blocks and along gnd-blocks interfaces

An accurte compatation of the flow velocity s commonly needed for o good un-
derstanding of the transportation of contaminants in aguifers vip simulation progess, In
this respect our numencil approsch involves o formulaion in two belds, npmely pressure
and velocaty, and safisfies the Mus continuity conditbon that s necessary o get o locally
cOfserviEive scheme,

i payper 15 orgam ged as Follows @ the it section deals with the mathsemanical model.
The secomd section presents the discretization process, tability and error bound estimates.
Thz third sectiom develops an agglecation Tor flaw in agquiters with lydrlic comection o
lakes or rivers. Numerical simulstions of fictinious and real-life aquifers, with comparison
1o exact and experimentil solutons, ane performed. The last section is devoeed o the
conclusion.

1. Mode! problem

Let 1 = E* be a pelygon whose boundaries are puralle] o orthogonal coondinates
anes, Given f ond T respectvely o real-vitdued funciion and a matriz-vilved fungtion de-
fined on LE one seeks an approximation of functions wipressure) and qivelocity) such
thin ;

fle) = —-Tiegradu, divglae)= M) in £ il

a=0 on Tpy. go=0on Iy.. i

whaere vois the oot mormal vector of T outward 10 08 In the sequel we assume (escept
where otherwise 15 stated) that these exists T, T real numbers such that ©

=T = T = T aein 7 e LN, mesiToe] = 0, where mesd.) de-
nedes Lebesgue measure in 1D, The additonal sssumption for T, but very realistic for
several applications, is that @ Tix) is piece-wise constant, Under these assumptions on
datacne con prove thal the system (13- (2} possesses o unique variational solution.
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2. Mixed Hybrid Finite Volume Analysis

2.1. Construction of the discrete system

Lizt's defing a rectangular mesh on 8 denoted by { 8} per, whene B s the generic
name of mesh elements, Let A be the set of all edges of the previous mesh, A™' the
subset of A& made of interor edges, AN the subset of A made of Neumann edges, A5
the subset of & made of Dicichler edges, and A" the subset of & made of KN-edges.
Depoting hy; the diameer of te mesh element B, we et i = I#zl'; fg . Supposing that
thee discontinuities of T coincide with mesh interfaces, ket Ty be the uniform yvalue of
the diffusion coefficient over the mesh element &, [y the boundary of K. Following [3]
thee mixed hybrid finite volume fermalation of the system (1 )-(2) consists inwriting these
governing equations under the follewing equivalent form ;

divg=f. gxr)] = Ty gradu in K.YKNF (33
[lul] =0, gugp+gnre = 0 on TgnTy YA LEF adjacem  (4)
wu=0 an Upy, i = 0 on Ty (51

where the symbol [[u]] denotes the jump of o across uny mesh interfsce, and o the
unit mermal vector of Ug 0 U outward 1o K Indegroting the first equation of (3) in &
vields

Z Bk = mrellh)< f >y YK eF (L]

aEAR

where < F =y s the mean of [ over W, g, 0 = _|';I i e edts Yo e AT and whene
1, 5 1 the unit normal vector of the edge o € AY outward o K. Applying & numerical
integration rele and iaking into account the second equation of (3) yiebds foreach K £ F -

e sl ) Ty

e L T = i, ] Yo € AN (M
dair.. en )

Ha i ==

where uy = valoe of o anthe center of K and w, 5 = value of o at the middie of
a = A" From the continuity of « ond Aux on grid-block interfaces one has

Wy =ty pe fak +oe s = 00a € A% N A" with K and L adjacent . (R)

O thiz other hand, one gets from (5) that, for each mesh element K adjacent 1o the domain
houndary 7,

e =0 YacA"NA™", qi=0 YaeAFnah™ ()
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Thee cepuationns (009 suggest the nitrodisction of the following discrete probdem . Find
“'h Hivews 480} .h-]! 1w I' Il.q:' ~such thal -

a.:l. ||E.E|
E o =mre(K) < f >x ¥R €F, 11
ST R
sl |y i ? R P
E b = s e =iy, gl E AV EF, il
i (P
Do e =i Yoo &% 11 A with K and L adgacent P12
Quw + G e =0¥c e &A™ AT with K and L adjacent, (13
frode =0 Wae &A% 0 AR Dirkehiet conditions) (141
=0 ‘vas A" O AY™ Neumam conditions ), i 153

where ., = middle point of the edge a € A", 7y = the centre of the mesh clement .
i, | = distmee from 2, o s and, gire| ) = Lebesmie measore of & i 20D
Eepuations ¢ 1000153 dbefine what we call hereafter s mixesd hybrid finile volume scheme
(Mot thot elimimating the anknasens {15 5} hr_; fromm the mised ybridd ok volime

scheme (100-015) ylalds the chissieal cell- n.nt-m'd Hnate volisme meetlod as presented i
(2] Acconneetion with mixed hybrid finile element as peesenied in [1] can be shown via
nuinethe] integenibon (e [ B[ Dot d 00§ ancd {11 e gets

Ta 'Elu.
Fr -:E;I: Ll L . v ) < [ i (16)
R TR - ST
ok ® v
wheme 7, 4 = M-Erulng =0 ¥neA® YK eFund
. 28]

AN — gty RN ane deduces from (120 and F3) thatthe {17, 42 0w o0 verify
thié following Tnear systenm of eguatbons @

1
L LT A P va g AN
NEFfapA®E bAW K
with _
Uy =0 ‘Yoe A WY
where ooe hus set oy = 3 Tk YheF
BEAK
Proposition 2,1 The discree problem consistimg 0o Dnd |51, 000 v satisfymg (173
(VB pomsisses & inbgue solumon
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Prawil Shnce the system (1750180 b5 @ squiene oosyslem, we nead only prove i the follo
wing discrene prodem @ Plad {00} Cae v soeh that

IR P T"T" W s~ = Wi € AN (19)

HeEF neh® Fre L]

[ =1 Yo g AT i

wdmils zero-voetor as a unique solution. Let o £ &™Y™ Muktiplyving (191 by [7,.
stmming aver ¢ £ &Y and re-ordering the forme- vickds ©

2 2 Ihr R

REY g tay il ®
Since mest U gy, oo U i denk g the comsectivity of L8 ome gt e mesili,

2.2, Stabllity and error osfimates

We suppose here thal imes( 17y, ] = 0. which implies that AY™ = §, am(de= o
A W alyo suppose that afl the edees o © A are nanibered md we denmie BTA | the
spuce mie of functions 17 taking a-consfumt-value 1, oo each interior edee o and zem
o ench bondory-edpe, We dentify moch fimction Vool STAT warh oo vecior (10,04,
where W, denotes-the velue of V' on the edge o. From then on, e cach veetor [V Juea
of £ A) is associnted @ vector-valued function 1 defined talmost everywhere) from 4 o
RY By = Te) = (V) enn e £ X, with K € ¥ Let's E{A_F) be the spive made of
functions 1~ and equipped with the discrete o defined by

4
?|
HELAF

=3 ¥ MR ouf  wWeEan Qi

i
HEF @ dfjlm n

2.2.1. Stability

W will peiwie the stabilicy of the scherme (17 F0188 0 e sense of e noim (24)
Agsume here exists < o = | mob depending oo b Rk adh < by = & K
Lemmia 2.1 Discrete Poincaré type inequality
For cuch fimction 17 £ E{A, F) defined as stated above ong has

E:I:mru:il.'l L Wl < '-.‘-]:hmrl (1 2. L Tnh""l.-\._.& W — 1

KeF T L NEF g hiian

Proposition 2.2 (Stability resalt) The anique soluion (1] 2 oF e discnee
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paohlem verifies

i oMbl {10 4
E Lw T [ty — A" = % “I”-i:“h (¥
it aimAn TN (= Pl

Proof of proposition 2.3 (ne deduces from 117 ) thr

y RO - Z > f],m]:..- :-]m-}

NEF nhah® We K e ash®

Wi abtaen from o doable applicmion of Caucly-Schwoare meguaniity thi

KEF: a.L AN s i AN
The egpuabiny (221 fodlows by applicaton of keama 3,0

2.2.2, Error Estimates in adequate discrete norms

I wehiar feslloves wi sissaimme thod nj E I".Il_h i lorall bWom F
» Error estimate for interfoce potestial o, o0 o, 0
Uhie gssmme that the medh s made al’ sUAre elements of a1 i, e Y the COHISErEv Dy
off the approximation of ﬂJ'!J.:u.:s. and 1 Young ivpe inequality we con show thal. seming
By = 1y —|"'., 'J'l.l—_.n‘_- '".

Z ( Z |t = r-'.|J) = ' (FE]

WEF Ve e’

sError estimate for cell center potential {0 ) o
By introducing ficticwas mesh elements soound the bowndary of 12 oneg can shioss it
defiing o pe =l — Uy YA = F,

% lew —ei]* < Ch? (24)

KL BALEA

o Frroe estimate for imlerfioce thax (g, 0], o
Applying the Young inequalily yeelds

E (E AR ¥ n}*] = N (%1

WEF g s
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Recall that ' represents in the previous equations miscellaneous comstamts in |, not
depending on i,

3. Application to aguifers simulation

3.1. Simulation with fictitious aquifers

The main purpose here is bo verly tat the order of the numerical convergense confirms
the ome given by the theoretical resulis (233, 124} and (25},
W conseder a 20 Mo an the dnal LT THEY |”. | | ] |I|. | | p_u-l:mhl I-".'" thi: I'l.ﬂlnwi:np_ SyRlen ¢

div g = 2w? cos(xx, jeos(TEg) im |0, 1] 1]

§ = — grad im0, 1 =)0,
gan = il [Laf] rll.-rl'.'r L I-—. sl U rlll'r||
U = aos{mwdy) EHE | T

The exact potential is given by D wizy, Ta) = cos(7r) loos{mrs)
In figure 1 we compare the exact low with the fow computed by mized hybnd finite
volwme misthod an diflerent level of refimement. In figere 2 we show the convergence rile
in discrete M) norm for the cell center potential wnd grid-block interface potential, On the
other hand we show the comvergence rate in L2 sorm for the flus =

4.2, Simulation of Massoumbou aguifer

Massoumbou aquifer is the main drinking water supply for the city of Douala, the
lurgest and the main industrial gnd commercial city in Cameroon. It is made op of 2
gones, the upper and the lower Massoumboa, almost horizontally seperuted by a slighily
permenhle loyver ; our numencal schemse was nsed to simolate the opper Massoumbouo ac-
guifier, which has 5 produocing wells, For the simulution the following data obtained from
BRGM' wene used : on the lelt side of the river Dibamba the boundary hydraulic poten-
kil was sed 1o 50K (Dhnichlet boundary comadition), shike on the nght side the no Bow
comshition 15 wsaed (Meamann boundary condition ], the mean values of infilirted fow me
from the rivers Dibarmba and Wouri were sel respectively 1o 5.0F — tirm™ (s and
BAE — tim®/= per unit aren ; the mesn value of low rate for producing wells was sel (o
00Tem® & per unit area ; the spacial distrabution of transmissivities is given by figure 3
fl.n.ull_'r Ilulibr.il.—qi hlllll]liﬂ'il'll‘l LT Y tufriurl LETTHE 1|1|'-|:||J.].|,:|k i m.|u'.'|r4.: H_ri-l] ||.|f '-.'i:".-l'." Je = 4iMdenn

1. BRGM means Bursau Aégional Geéologique at Minsar, YWa have consuBad the BRGM mport of
1961 tilled “Alimantation da la wile de Douala @0 Ra SIARMTANES
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invalving o diseretization of fvers, The discrete version of rivers lead o sources bocabed
cither in grid-bocks or on grd-block intefaces (see figure 3)

MNumerical results @ We've taken the sea mean level a5 a reference level for hydraulic
podcndial called again piezometric head. Figune 3 show the resulis computed with mixed
hybrid fnite volume method (respectively for the pierometne head contour and for the
velocity feldy when solving numerically the flow problem in upper Massoumbou aguifer.
The compurison of eur numerical results with experimentally measured hydravlic poden-
il showes g very slight difference far from the prodecing wells (about 0005m in obsolute
ervor and 2.5% in relotive error). This difference becomes relatively significent when we
compare with experimentally measured well hvdraulic potentiol (about 3,62m in obsolute
error amnd 1% in relative ermor), From o practical point of view these results are satisfoe-
fory in the sense that for creating prodecing wells inoon aguifer it s natuml (o0 operade
where the piczometnic heod is maximal {mking the sea mean kevel g o reference level
and the Nux 15 not neghgible, Sooa high level of acouracy is required for the competed
pieronetric head aml s,

4. Conclusion

A miaxed hybiad finite volume numerical methad, for solving fow prablems has bean
presented. [s formulation of a fow problem mkes v account the main physical aspects
af the fliow as the lecal mass conservation, the continuity of the Aux across grid-blocks
interface. This method permits a simultaneous computation of the potential and the vels-
city thanks o the fact that it invoelves a two-feld approach, The computed velocity is of
the same order of precision as the computed pressure. This is very attrective when selving
a fAaid Aow problem coupled with a transpon equation. Ermor estimates have been given
for interface potentind and cell center potential in discrete M, and for Aux across grid-
blocks inteface in L7 norm. This theoretical result hos been confirmed by numerical test
om fictitious sguifiers.

An applicetion of our numesical approach has been camed ot for solving g flow
problem within a real-life aguifer, nuomely opper Mossoumbouo pguifer. The relative dif-
ference between the computed hyvdraslhic potential and the experimentally measored one
wars wlmost 2,509% fur from producing wells, This quantily was almost 1055 in grid-blocks
conlauming the producing wells, These results were considered s very satisfactory by
SMNEC engineers,

We intend 10 appt}' i ked |l:|-"|:n'il,| finabe voligme method eo M_1|'.-'i|13_|ml‘|hi::nl ev within
rel-life aguilers with unstruciured meshes
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