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ABSTRACT. As the model-checking becomes increasngly used in the indusiry, thems s a big need
for efficient new methods io deal with the large meal-siee of conourment transition sysiems. We
propose a new algorthm for parditioning the lorge siate space madelling industrial designs wilth
tundreds of milkans of states and franséons. The produced paritions will be used by disiriouted
processes far parallel systam anolysis. This algorithm pastitions the skale space by perfarming a
combinaton of abstractian-parifion-refinemeni on its siructure. The algoriibm is designed by a way
reducing lhe comrnunicaton overhaad betwesn the proossses. The experimental resuits on large
real desipns show that this method impraoves the guality of partiticns, the communication overhead
and fhan the overall pesfarmance of the sysiem analyss

RESUME. Commes ka virification par modéle st devenus de plus en plus uiiisés dans lindustrie. i
¥ a un grand basein des nouvelles mélhodes pour faire face & des grands espaces d'étals des
syslémas concwrenls. Wous proposcns un nouveau algohthme pous e parlilisnnement des
espmcas d'dtals moddlEant des conceplions industrislles conlsnanl des cantaines de mallions
dalaty al da fransiions. Les patitons produstas sercnl uliliséas par des procesays dislribuas pour
une anadyes paralléle du !ﬁ'h”ﬂ"ﬂ!‘ e Hlﬂl‘.‘"hl‘l’lﬂ ﬂﬂﬂmﬂ l'eapace ddlals an exdculant une
combnaison  abairaciion, parliionmement, & raffinemenl s aa sbuciure  Les  péaulaks
expdimantaus montianl gue calle milhode amdliore a gualibd des parlilions, les codls de la
communicalion &l puis 8 perfornance jokale de Fanghyes du sysléms,

KEYWORDS: Distribulad Moded Thecking, Abstraciion. FamfBonirg, RefinemanL
MOTS-CLES : Véricalion Distibuss par Modéale. Abstractien, Parilliernement. Rafinement.
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1. Introduction

As formal verfication becomes increasingly wsed in the imdustry a3 a part of the
dbesiygn process, there s a constant need Tor efficient wol support 1o deal with real-siee
applications, There are many methods proposed 10 overcome this problem, including
absiraction, partial order reduction, equivalence-based reduction, modular methods, amd
symmetry [5, 2], Recently, a new promising method to tackle the state space explosion
problem was introduced [8, 1, 3] This method is based on the use of multiprocessor
systems or workstaton clusters, These systems often boast a very large (distributed)
main memery, Furthermone, the large computational power of such svstems also helps
in elfectively reducing meosdel checking time,

In this paper, we develop an efficient algorithm for partitioning the siate space in
fermms of compaation and communication. The slate space on which the amalysis wall be
performed, s parttioned mic ¥ paris, where each part s owned by one process inthe
network of M machines, In order to mencose the performamce of the parallel anolvsis, it
15 essential to achieve a good lead balancing between the B machines, meaning that the
¢ parts of the distributed state space should contain nearly the same number of stabes.
Thee quality of a partitioning algonthm could also be estmaled acoording 1o the number
af cross-horder transitions of the partitioned state space {ie., transitions kaving the
sourge state in o component and the target state m another componentl. This number
should be as small as possible, since it has effect on the number of messages sent over
the network during the sysiom analysis. The staie space is represented by a simple
structure of weighted Knpke structure (this = an extension of the Kriphke structure
where weights are paociated with the states and with the wansitions), We adopied o
static partifion scheme, which avoids the potential communication overbead occurming
in dynamic load balancing schemes, This paritioning scheme has on adaptive cost
which yields nearly egual partiteons with small number of cross-border trnsitions.

2. Partioning State Spaces

The partitioning problem is defined as Tollows: Given a Kripke strscture B=1(5, B}
modelling a concurrent ransibion system, where 5 0 2 non-emply linite set of stales,
RFzSx5 s o fotal transition relation (e, (Vse3: (ds'e5: (5,5 bafh}) with
| 5| =H, pariition 5 mio M subsels, 5. . Sy suchithal 5,08, = for i=3, 15,0
= M/M, and o, 3. =3, and the number of transitions crossing the border is minkmized.

We deline o weighted Kripke struciure ms Kopke struclure E=105, =) where
weights are ossociated with each stale s«35 amd each tramsion (s, s' baR. A
wenghted stale 53 15 a stale collapsing (abstractimge) sstes of the onginal model and is
wenght represents their number. The werghted state collapsmg the ongomal mimal state s
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the initial weighted state. The weight of a transition Between twoe weighted siates =,
' & 3, represenis the number of transitions between the states composing ihe
weighied staie 5 and the weighted state 57, Mow, a Krapke structure B can be viewed as
a weighted Kripke structure, where all the state weights and transition weights are equal
B0 i

The parmitioming problem can be naturally extended w weighted Kripke structimes.
I this case, the goal is to partition the states iite M disjoing subsets sach that the sum of
the state weights in each subset is the same, and the sum of the wransiions weights
which crossing the border is minimized. A partition of 5 is commanly represented by a
total partition function P ¢ 8 — {0, . M-1}, such that for every state s€5,
Fis) s an integer between 0 and M-1, indicating the partition at which state =
helongs, Given a partition function P, the number of transitions crossing the boeder is
called the FrorsitionTur of the pariition,

The wdea of our algerithm of partinoning s inspared by good works done for
partitioning graphs [7, 9, 10], Formally, the partitioning algorithm works as fidlows:
Consider a weighted Kripke siructure ¥, = (5., Ro), with weights both on siaies
and transition edges. A partitioning algorithem consisis of the following three phases,

1. Absiracting phase in which the Kriphke structure B, s fransformed inlo g sequence
of smaller structures B,, K, _, . suchtha |3 0>18, 1218, >—>|5,].

2. Partivoning phase where, a partinon function P, of the structure ¥, = {5,, R.|
is cormputed that partitions 5, wto M pars.

3. Refinement phase where, the partition function P, of K, s projected back o . by
going through infermediate partition functions Poo Py ¢ owe Piy Po

The data sirwcture used o store the siate space conasts of two lables, The [irst
cilled  StreTable, i1 stores  nformation  abowr saes and the  second  called
Traninion Table, it slores the transitoons, For each site se 5 (which s an osbex i (0,
we B=11, K & the number of siales), StateTable[s] contains the following
informations, =sw the weight of =5, ns (and op) the number of ransitons
ougoinglingoing) from &5, is (and ip) the index oo PransitonTabde that is the
heginning of the transitions fable of successor (predecessor) states of 5, ctw the weight
of the transitions thit have been contracied o ereate s (iF 5 is collapsing stte), and aw
the sum of the weight of the ransitions adjacent 1o 5, The table TransiionTable s
fragmented W many porfions, Each porfion represents the transifions of a stale se 5
w/from i adjacent states, Thus, there are two information; the first is the siate with
which the ransition is muade, The second information indicates if the transition edge is
chilgoing of igoing edge, We defineg the function 2di @ 5 — 27 associated 1o the
tahle TransitionTable, Ad3 (s} gives the sel of states that are connected (adjacent) 1o

5
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3. Abstracting Phase

During the abstracting phase, o sequence of smaller weighted Kripke stnictises,
cach with fewer states, s construcled. Structure abatracting can be achieved by
combining a sct of states of o weighted Knpke simecture ¥, to form a single state of the
next bevel coarser strecture B, Let 57 be the set of states of 2 combined to form
stpte = of ¥ ... We will refer 1o state & as a multi-node. In order for a panition of a
coarser weighted Knpke structure 1o be good with respect o the original structure, the
weight of staie = 8 set equal to the sum of the weights of the siates in 27, Also, in
arder 1o preserve the connectivity information in the coarser structure, the ransitions of
5 are the wnion of the transitions of the states in 27 . In the case where more than one
stpte of 5 contain transitions to the same state 2 the weight of the transition of = is
equal to the sum of the weighta of these transitions. This is weful when we evaluate the
quality of a partition af 4 coarser weighted Kripke strueture. The TreisitbanCir number
of the pamition in a coarser structure will be equal o the TransisosCrt number of the
same partition in the finer strisctune,

Given a weighied Knpke structure ¥, = (2, B}, 4 coarser Knpke struchuee can
b cbtained by collapsing adjacent stales. Two states are adjacend iF and only if these is
a transiticn Between these two states. Thos, the transition between twoe stales i
collapsed and a multi-node consisting of these two states is ereated. This transition
collapsing idea can be formally defined in terms of matchings |6, 4, 7], Thas, the next
lewel coarser weighted Kripke structure ¥, is constructed from B, by finding o
matching of ¥, and collapsing the stales being matched into multi-nodes. The
unmatched states are simply copied over to ¥, .

The abstraction algorithim consisds of two stages: the matching stage and the
contrsction stage where, a coarser structure is created by contracting the states as
dictated by the matching, The outp of the maiching stage, 15 twvo vectors Mberch and
Mep, such that for each state s, Match[2] stores the state with which s has been
maiched (or = itself if it is unmatched), and Map [ =) stores the given label of = in the
coarser sirecture which is assigned o seguenteal number (if Mateh|[s] = =* then
Map[a] = Mapla* ), Durng the contraction stage, the MWarek and Mo vectors are
wsed 1o abstract the structire.

Alporithm 1 Absteact{E, = (5, B}
1
Matching:
Craate a rtandem list B of all the states in Statelable
represaneing the sat 5
for =2ach state 5 & BE {Match[as] « a; HWap(s] &« =1}
for each state 8 & RE |
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If {Match|s] = ®) |
H += [8" |Matehin®™] = 8" A 5" & Bdila))
Lt MW e the paxlmm smlght of the contracted
tranalrions Ln H
H & HVIs'eH | otwls"] =« M)
EW o=
for sach stats s'=H i
B o= BWOD {Ere e larar cakctia] W EEY ST EY 4
Elp".l'lt'l-'!"l.'l..lllll wis"", st

Ltet 2 & H be The state corresponding Lo The maximom
in W
Matah|s] 4+ ="

1. % 0
for sadh state = & RE |

LE dHap[s] = -1 (T[jl+=Hapls]stapldatchis] Jeg s F++]
|

Cantrasoisn:
S+ @ F+- @ dndey - 0
for sach k& (0, - 1=-1} |
B = Dpag b (TTRT
SuccSet +— (Mapia]|s & 8B A Map[s] 2 T[k] &
Ya*eh: ; Tlikl — Hapfa®] & [=',a)elf;]
LlaiTik]) & lnd=xi nefTlk|) + Lengthi{SucoSst]
index + Llndex + ne=dT[k])
PradSet 4= |(Maplslls & 9 A Maple] & T|k] &
Ys©oE -9 & TIX] = Mapis®] A 8. 0%k e BJ
FEITTk]) # indexz apiT[k]) #= Lemgth{FredSet]
lndex + {tdss b 6ga(TIk])
B & Bl ShecsEst 1 FredSet
swiT[k]) 4= ewida ] » 3wiE:) 2.t. T(k] = Map|a:] = Map|s:|
atwi{T[k]) & otw{s)tatwis)ralis, a0 +eliss)) =1,
Tlk] = Map[s.] = Map[sil
A {TIH]) &= awin) + swim) — wlla, =0 -wils,s)) not.
Tlk] = Map[s | = Map(s.]
I
for =adh transitilen M 9 & B St
q, = Maplsi]l & g = Mapl=:] |
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willdg, 1 = Epppiniw WIS, 30 ) 4 B Gapimiegs WIS, =)
|
gebuen (Sl Pyagb

4. Partitioning Phase

The second phase of e parivoning alpondu compures p bgh-gqualiny pacurion
(i, smadl Trorearionwd pumber) P, of ihe coase weighled Kripke simschite
Fo= (5, B0 osuch that ench pan eomams roughly 78 of the stawe sveigh of the
ariginal siruciuee, Sined durmyg abstractme, e werghts of the statez and tromsitons of
the coarser sruciure were set 1o reflect the weights of the states and transitions of the
fisber structure, ¥, contmmns sufficient informaion W dkelligenly euforee ihe balanced
pantition and the small Traomitiont i mamber requirements.

W present our construetive partitioning algorithm which amemprs 1o growp stroigly
interevnfectisd slabes inlo parts, We can defime ©, the pumber of cunnections
[trangitlons] beiween aates =, and 2., ) = ochwis, jrotwis fHwl(s, 5] 4
Wils, sl Aset 5 of stales has the weight £, .0, A pantitioning algorithin
uzsially anemps to Giod an wdimnssible par of bege waeght. The eifect ol finding pars
with large weighls s o decresse the number of mterconnections belween prets,

Algorithm 2 Partitlonlng (¥, = {8, B
i
m o U

whils §; » @ |

Select @& sbtote & [From 5, sugh that

My, E B oA &, ¥ & 50 A kha maxinnm
B ofg)] &~ m: 5, & 5|28,
repest
Balact 5. =8, such Ehat Xajjece o By 1n mamimilzerd

In case of ti=n, aelact the stateo with Tha minimium
total number &f cormactions. This will Eend oo
decreass inrar-part connsetions.

BolEe) 4= mi S = SN =3
until Xopuwi = a Wizl = B/M v 5; =8
-
f
recurn: B

b
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5. Refinement Phase

During the refinement phase, the partition P, of the coarser weighicd Enpke
structure B, i projected back fo the origisal weighted Rripke structune, by going
through the stroctures 8.y, E..o, .. g Since cach state of ¥, contains a distinet
gubsct of states of ¥, oblaining P, from P is done by simply assigning the set of
staies 57 collapsed o = = K, io the partition Py, (2} {ie,. P [5*) = P, 0a],
¥ste 50 Even though Py is a local minimum pantition of K., the projected
partition P, may not be at a local minimuem with respect 1o ¥, Since ¥, is finer, it has
miore degrees of freedom (more detasled nformation was abstracied) that can be used o
improvve P, oand decrease the TromsitioeCue number. Heoee, it may still be possible o
improve the projected pamition of B, . by local refinement hewristics. For this neason,
after projecting a partition, a partition refinement algorithm is used. The bhasic purposs
of a partition relinement algorithim is o select two subsets of states, one from cach part
such that when swapped the resulting partition has a asmaller Transétoel e number.

Consider a weighted Kriphke structure ;= (5, B ), and ifs pantitigning functbon 2.
For each sute =3, we define the neighbowrhood B s} of a2 o be the union of the
partitions. that the stabes adjscemt 10 = {ie. Adiizp) belong to. That s,
Blysm) = g o0 By (8t ), Mote that if = 5 sn interior stale of a partition, then
M=) =, On the other hand, the cerdimality of M (a2} can be as high as Bdy (a2}, for
the case in which each siate adjacent to = belongs o a differend partition. During
eefinement, = can move 1o any of the paritions in 8 {=) - For esch stafe 5 we congite
the gaing of moving = to one of its peighbour pamitions. In paricular, for every
beM[a) we compuic EDY (=) a8 the sum of the weights of the transitions
15,5%) R, and the weights of the transitions (s*, 5] €B such that 2, (8! | =1 (if
the pamitien b is ot specified, ED, (2] i3 computed for all neighbourhaod paditions).
Adso we compute 10, (=) as the sum of the weights of the transitions (s, s* 1 B, and
the weights of the transitions (a2* a8, such that P {=* ) =P {=). The guaniity
ED" (=) is called the external degree of = to partition b (ED, ia} is the exiernal
degree of =), while the guantity 10 (a} s called the intermal degree of 5. Given these
definitions, the gain of moving state & o partition bed (s) 5 g"(s)= ED" (8] -
IIN {8).

Hewever, i addition to decreasing the TrassiionCar numbes, moving a state from
one pEaition o oancdther must not create partilions whose size is unbalanced. In
particular, our pantitioning relinement alzorithm moves a state only iF it satisfies the
following balancing conditeon, Lot W, 3 {0, ..., H-1} — W (H is the set of
natural numbers) beoa total function, such that W, (a1 is the weight of padition & of
Kripke structure ¥, and let BF be the balancing factoe (0 = 8F = 1), A state =, whose
wizight is w (=) can be moved from parition 2 o partition b only if
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WiolbBl+wlalZ(1+BF = |5 | M ol B (af-wiakz (1-BF1#|5;| /M

W note this camtition by BC (30, This conditint ensures that movement of @
node imlo @ parition does nol mike 18 welght higher than (1+5F) * [ 5, | /¥ or |ess
than | 1-857 #:5- | /0, Meote that by adjpasting the value of BF, we can vary the degree
aof imbalance among porttkon.

Algorithm 3 Refinemant (¥, = (Bl Pood o Pl B IO )
I

Projection:
for sach 5 & 8, 1P 18] = By iMap,[51)]
Eor sach a @ 5y |
Lf [s..,3, € §, & Map, [&,] = 5 & Map,[2.] = &) |
1 AED i d=) = 00 [ED ds() %+ O ED fay) & 0;
IDy (8] 4= awia); IDt8:) 4 awla:)]
LE (10,681 = Oy (10 {5) 4= otwisi-~otwisij-otwia,})
LDy {58y] %= cbw{s)=cbd{g]—stwis)
EDisy) &= awis,)=~Th a0 BED, (&) = awle))-TO s}
tf (ERG EET R0 A ID e B0 |
POy (] & Eoan et janisiiizsiantio ) Ml 1880 1) &
E:-'.“---i o | r"'llll':qE'.lS;::'
BOVAEL) = Erwio it taminki isbiaiiie | W88 1)+
v ar sasen rarsangnery WIS am bl
BBy (3)] %= Ely.ited) — ED {3}
: Dy (my] & TR () =T (8:) owl Loy, mel b=w [ 18,80 ] )
t
Haizinemant:
The starss 11 9, are chweckead Lo random srdsar
for each state. § £ 5, |
LE (Ri81 =& [N |8 +— [ & WNIs] | B0 ey 18] = Tiue)
EC' (8] + max(EOD" (=) b € W' {8l
LE | [BD®* f8) = 1Dyi=)) w
(EDY =) = IO 0=) ' WP is1) — W fa) = wizsdis |
} B [a] 4 a5 Updat={ED, T ]
f

return [Bs B T
b
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6. Conclusion

This paper presented a new scheme Tor partioning the state space of concurrent
trahsition syslems 1o pars. O concentrition was the production of high quality
partition and the reduction of the cross-horder ransitions during the refinement. The
resulls of our experiments show that this new scheme produces good quality of
partitioning that can be compared W other efficient approaches and it b small
percentage of cross-horder tramsitions,
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