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1. Introduction

Tn (0] in s suggested tha vhe dyomamie bebavior of o sangle newron with memory lengrh
b thin does nod interact with other neurons can be modeled by the Tollowing newronal
FECLFTENCS SOuillam .

L

)= ]{En;:l:a— i —I'i} iy

where we have the Tollowing.
o rin) ks variable representing the siale of the peuson o tme ! = n, z(n) £ {L 1},

o ki e memory length, that 15 1o say, the sate of te nesron at tme ¢ = o depends
on the scite assumed by the neuron an the b previous stepsd =n—1,,..,n — k.

o the values ey (F = 1, o0 &) are real numbers called te weigheing coefficiens
represents the influence of the state of e newron ot time @ — & on the state of the neuren
ot timie i That influcsce is said o be sveiatore i o = 0 dalibaroey iF g < Oand gl if
oy i egual 10 2ean.

# {5 a real namber called the freshiodd.
L] l[rl] =0if u < 0, and .1.[rl| =1lifu >0

The system obtained by imerconnecting several neurons is called a Nearal Metwork (NN,
Such networks were introduced in [4], and are guite powerful. Indeed. it can be shown
that they can be wsed 1o simulate any Turing machines. More recenily, MM have been
studied extensively as tools for solving various problems sech as classification, speech
recognition, and image processing. The application Beld of the theeshold functions is
largez, The spin moment of the spin gloss is one of the widest example moselid sie
physics that have been simuolated by MN, In electronics, for instance, o thresholbd function
represents o fransiston; in social seience o threshold function s often used o represent
vile lows,

Let prand T be two positive integers such that @ = Oand T 2= (L Eguation (1) 15 saad 10
be of period pond transient T i and only af ;

 YVip+T)=Y(T)

w A andp (17,0 ¢ (Tp) T 2T andp = p’ such that Y (' +T") = YT
where Y(t) = [e(t), z(f — L. .o, wif — &+ 3), 2t — &+ 11). The period and transicnt
off sequences gencrmicd by a neuron are good mepsures of the complexity of the behovior
of the neuron.

We are interested in the longest period L2k} that con be generated by a newromal re-
currence equation with memory &, In [3], it was conjectured that if (o )12 € K, then
LPEY < 2k, This conjecture s been disproved. The best known lower Bound in L)
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is E.J{r'r’r”"”" | amd it was proved in [6].

When oll the weighting coefficients are positive, the influence of the previous states of o
newron (el time 2 — & — k4 1,....n — 2 m — 1) on its state of time 7 is excitniory,
wnad from @ physiofogical point of view, it is important 1o Enow the behavior of that class
of newron, In [3], it was also conjectured thot if Y60 = L... .k ay € BT {iea, >0,
then L&) < k. This conjecture has been disproved in [5] where a nesronal recurmence
eqquation of memory length & and of period C0 &%) hos been exhibited,

In this paper. we eshibit 0 neuronal recorrence equotion of memory length & where
all the weighting coeficients are strictly positive thet genertes o sequence of pernod
e W MR phis pesults more sirpitgly comradicns the conjeciure thin the aforemen-
tioned counter example [5].

2. Neuronal Recurrence Equation with Positive Weighting
Coefficients

Lt & bz o positive integer. For a veotor @ £ B, a real number & € B and o vector
z e {1}, we define the sequence {o{r) : » £ M} by the following recurmence :

" =it tefl,....k=1) §
o I{ELIl.-..r:-:l'—.']—l'.i'j 1=k v

We denote by Sie, 8, 2} the sequence generated by equation (2} and Tie. &, 2} s persd,
Lt s bee i positive indeger greater than 1, we denote the cardinality of the set ™ = {p ¢
poprine amd 2 < g B} by e, Lt us densie gy, .o 0 the prime numdsers
layving in 42w+ 1, 2 +2, .., Jm—2 Fm— | | and the sequence {og ¢ 1< ¢ < plm)]

s defined as iy = Jmi— gy, 1< 0= gl
It Is emsy oo check that 42w 4+ 1 2mi 4+ 2, .. A — 2 3m — 1} conlains at most [ =]
odd integers. 1t follows that
[m—1
pm) = |m.J -| (3)

Wesst b = (Gm—1pim)und ¥ €M, 1 =0 = pim), we define :

; Yae k

g, g ) = §

Ao ] = ko= ([ = o )il m, o)

From the previous definitions, we hove & = [ [3m = o gim, o] 4 30m, i),
Nigclearthat Wi & B, 1 <4< p{m)

2l < dm-n, = dm =1
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This drplies
e~ Uotm) kL= Vgl
g —1 = =i, Ja+ 1
Thesefiae
B S T O T i+

T M 1< < plwdowe wanl o conktrst a nearosl recurmence eeion {7 {n} ;
iz 0] with exciaory memeey of bengih B owhich evodves s follmes

... e | 1T i, il R 5
1, l-?” ]l1HJ ] ILII 1] ":” il ]|
s, ing ) 0 =iy i fin—iay L]

il whish descrities & cyele of length S - o, = p;,
Yie M 1< plm) leta™ & (1,1]% be the vector defined by

a0t — 1y =0, e L el
RS ¥ e f ket

el g | (] M

AL

Fei vather waords, o' s idefiimed By

o AR D = el i) = 1 sochthal | = S(nng) & iy
o Il otherwise

Lt 4 be i nedl number satisfiying 4 = 0. We defing the seuroidl récunence equition
fr* i) 1 n 2= 0] by the following recumence @

B L) bt k—=1} ™
e V(T et~ Jy—4) b=k

0 i) e
Poglog) = [Goy =1, ...20m})
= [ Ep . oo =1 2ot I 2eda)m b, 1590 = plin)
=izl ="1L By = L% .. =1k}

Hi= U Foadin |
i=|

G=PvF
= piml
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By definition Pas(i, | represents the set af indices j, 1 = § < ksuch that e [k - ) =
L
From the definiion of Fos(o, | and from equation (6), eie con easily verify that

4 B Pesalay]l = a™&—31 =1 15i
J B DN\ FPasli) = v"k=f1 =D 9

Yl o€ W0 < < pyowe alse denote 1P ss{og. o] the et of indices’§ such thot
Yk d = = L i other woniks;

Fhosiond) = [g:0™(kdd=f)=Tandl<g<k}
Yid g Ml <8< plmbod b < o < py.we depofe
CHey iy = (- dpy s f =0T, et i), O o = e, i b
Moyl = {ol+ap; s =0 ooo oy =0+ pilmiy o) b o) < d 2w
Elewd) = Moy, df N F
evgodd] = eard Eivid)

The newromil recurence equation |2y o o 2 O] with excitatory meémory of leagih
b b diefhmed by eqieationm 0b) et eguation (7)

We will show that the peuronil recurmendd equation [ (Wl 1 n > 0] evilves b
specified in ecquation (5}

Lt thiz fiol liavenng propasibbon, we pieseinl s inporiant propsens.

Proposition 1 ¥4 & ML= < plm)umd ¥d e M1 sd < p

oy, ) < plgi—1

The mllowing lemmas chommctenzes the evislution of the seguence (2" (u) 0 w2 0)
imet = k

Ly |
k)=
Frivm Lesnniie | and eqguaition (6, 1Sy bo vertfy thin
PPoglizg 1] = Qa1 11y

From the definiion of =, 1), from equation (61 Trom eguation {00 awd from e
Leanna b, e chieck easdly thal

feEm,l] = o“k+1=7F=1und & = ~ 111
(e 06EM(gll = #E4+1 =7 =0 w iy =1 {121
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The values of the sequeice [™ (6] > 0] abtimed = k41, &— 14+, bee glven
by the following kenma.

Lemma 2

Ve Hoaech Dhiet § <0 < 8im— 1 — o, owe T 2™+ =1

kiiscasy inverfvthm v d e ML 1 < 0= plme), we hove
MPoslmid] = @oafl Y 1 S 3 <3m=T=ng

Thie fallowing lemma charactienzes the period of the sequence 2™ (n) n = 0]

Lasmmmu 3

There peiata il ™ & T wilh iy 2= Forenpy =108 et 1 = B sneh thit
Tl fow™ ) =

Praoul

By application of Lemima | aned Lemma 2 we deduce the resdl

|

W showed thie the reommence acuronal equotion | =% Wn) 0 = 1] with excitaiory

memory of length & describes & evele of kength gy and evolves as described i equation

(5

M is s shiown thal -

Lemma 4 /2

IF thrre b er meroamied recurrenor eguatfon bieh merdory fenerl & diol gesmeraies seguaeieey

of peraadly oy e, oo Py Nien deme 0l el recarreee Sy tion Wikl me ey feapgth

i et geniervites i seepirence of period o lelis o o)
Thie pry oy e s amend s

Lemma 5 [ 7}

I e dx pienermnn! recweremoe egueienry willy sremaory fengtle b Sl pemenied o segaence
fetfond om0y 0 = 3= ey freniwiennd Sengtle T, and of perrtfoad o, thevl Shone 05 i iniris
sinnetd perarreree epnrican willi mewrory fergthe g tha? generaics o sequeence of freasent

G T T VT o S O Ty b anel pertoad af Tergih g - Denil iy, oo - ooy L

Moy, we wnad bo baild a noeronal recumence eqoation with excitatooy memery of lengh
& ol v ) which describes o ovcle of kength pive) < el oo B |

Lt ien ilenante Aipe| = ﬂ:'f', po ami Bl ) = bl = (B = 13l b
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Eﬂ’“l‘lhl‘j‘l M wilery ;.'.':l.l.i.l'.llu- :'.I.lfrlqu'r i, T 22, Dhiete prialfy @ s B0 4 =
B el e |l'l. 1 ]"""'""' ity ol = ] l||'J.-1" Tl = | .rrl:'ru_] i et ly I'I,l n iy =
glin | Ao,

Proof. From Lemimn 3, we Koow thist for B — o, & P we have that T(A 0 0™ ] =
dem— oy widh iy > 0] forevery 3 o= L. f We comstmet the yector ¢ a5 om the Han-
damental lemima of conpasition of sstemata [2]. By conatfuction, the victor ¢ satisfies
rio= 0 fokevery o = Lo hm ), Froemoa™ it dmo— ooy £ P, W consiioet i as i
the Tundamsenial lewmma of composition of sutomatn [T, By applicision of Lemma 4 or
by application by Lomma 5, we dedoce that Tie 8 i) = plas)Alm.

]

The techmigee used n previous comllary defines several cocfficlents «; o5 zero, We will

sl that if i possihle o medify the coeflicients (o, | sooos fo obimin all the coefBiciens
being strictly positme,

Corillary 3 For every pamtite infeger v, o = 2 there exvstad & B # ¢
Bl o [0 1M wedi Bt ol = 0 for pvergd = 1, Bl med il T, 0,07} =
e A )

Praai,

N i Miees iy qppf‘ﬁ- I"TI'IFH:IhH'iIH'I il [5] e ﬂ:‘.ﬂmll‘ur}l .

|

From apgroximations of Roseer and Schoenfeld (8], we deduce

Corollary 3

H n .Isz[r{fhllh||||'"|'r||l1|||1|

B o S i g
Dhur meakn sesuli bs

Thesrem | For evry  pewitlve bideger ni there eévisls o £ RU e B
i & |,‘.-|-1'||'.Il~' such et oy = 0 for o every o= 1o _, Wil aod with Tl 0 0} =
g1 Vb uihimiie |

Proul.

From Coroflary 3 and Coroflary 2, we deduoce the resull

|

Conclusion, The exisience of o newrongd recumence sguation of memory Tength fim )
which describes a cyclke of length (2] - y/Rtan) (hailAim %Y shows that the behavior of new-
ol mEumeney sguabians s complex when gl the weighting coefhicients pre posifive
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The techaigue used is inseribed in the framework of strectural construction. Structurl
construction metheds are the general and more powerful 10ols used in the study of se-
quences generated by newronal recurrence equation [7. 9]
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