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ABSTRACT. A distribution of ponctual masses (caracterized by its intensities and positions) is deter-
minated, in such a way that the associated equivalent potential best approximates a given potential
field. For this purpose, a geodetic inverse problem is solved. On the whole unit sphere a potential
an

function is usually expressed in spherical harmonics, basis functions with global support. The iden-
tification of the two potentials is done by solving a least-squares problem. When a limited area is
on studied, the estimation of the point-mass parameters by means of spherical harmonics is prone to
error, since they are no longer orthogonal over a partial domain of the sphere. The construction of
a local spherical harmonic basis that is orthogonal over the specified limited domain of the sphere,
allows us to treat the local point-mass determination problem.

RESUME. Une distribution de points masses (caractérisés par leur intensités et leurs positions) est
déterminée de telle maniére qu’elle génere un potentiel qui approche au mieux un potentiel donné.
T). On définit ainsi un probléme inverse (moindres carrés). Sur la sphére unité le probléme est résolu en
identifiant les développements en harmoniques sphériques des deux potentiels. Lorsque seule une
région de la sphére unité est considérée, I'estimation des parametres des points masses en utilisant
la base des harmoniques sphériques est susceptible d’erreur, puisque la propriété d’orthogonalité des

1c

le- éléments de la base n’est plus vérifiée. La construction d’une base locale orthogonale sur la région
ar étudiée permettra de résoudre le probleme local des points masses.
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1. Introduction

Given a potential gravitational field of the earth, we are interested in constructing a
distribution of buried point masses, in such a way that the generated potential best fits the
given one. In the case of the gravity potential of the whole earth, the buried masses are
determined by solving an inverse problem using the spherical harmonics basis. On the
other hand, when only a limited region of the earth is studied, the spherical harmonics
basis is no longer orthogonal. Consequently, the spherical harmonic basis for the deter-
mination of the local point-mass problem is not appropriate and hence one has to find
another basis which is localized in the region of interest. The question of finding a local
basis was first studied by Slepian, Pollak and Landau for an interval of the real line and
for a rectangular region of the plane [8, 9, 14, 15, 16, 17]. They discovered by serendipity
a basis of functions (now called Slepian functions) whose energies are concentrated in the
considered region.

The basis functions are orthonormal on the sphere and orthogonal on the specified
region. So that any arbitrary concentrated function on this region can be expanded into
a local spherical harmonics series. This procedure was very useful in several domains of
applied mathematics and physics, notably geophysics [1, 10], cosmology [5] and image
processing [3, 11]. In this paper a set of point masses is determined in such a way that
the associated potential best approximates the given gravitational potential on a specified
region.

2. Spherical harmonics

Let S? denote the unit sphere in R? and let (6, ¢) denote a generic point on the sphere
where 6 is the colatitude and ¢ is the longitude. On the space of square integrable func-
tions on S2, we have the inner product (-, -) 5= defined by

1 1 2w ]
) = 1= [ 10.0000.0 dr = 1 [ |7 1(60.0)900.0)sim0 dods. (1)

We recall that any square-integrable function on the unit sphere 52 can be expanded in
terms of spherical harmonics as [4]

f(ea ¢) = Z Z f’mnY;L'm (97 ¢)7 (2)

n=0m=-—n

where f,,,,, is the spherical harmonic coefficient associated with Y,,,,, (6, ¢), the spherical
harmonic of degree n and order m which is given by

Pom(cos@) cosmep  if m >0,

Ppm(cosf)sin|ml|¢ if m < 0.

Here ?nm(cos 0) is a normalized version of P,,, (cos#), the Legendre’s function of de-
gree n and order m given by

(n—m)!

(n+m)!

k=1 form =0,

P (cosf) = \/k(2n—|— 1) P,m(cos ), where {kz — 2 form % 0. “4)
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