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RESUME. Cette note concerne le traitement numérique du probléme de Cauchy-Helmholtz. On “em-
prunte” les outils de type décomposition de domaines pour exprimer le probleme de complétion de
données en terme d’équation “d’interface”. Cette équation est résolue via un algorithme de Richard-
son préconditionné avec relaxation dynamique. Lefficacité de la méthode est illustrée par quelques
expériences numériques.

ABSTRACT. This note is dedicated to the numerical treatment of the illposed Cauchy-Helmholtz
problem. Resorting to the domain decomposition tools, these missing boundary data are rephrased
through an “interfacial” equation. This equation is solved via a preconditioned Richardson algorithm
with dynamic relaxation. The efficiency of the proposed method is illustrated by some numerical
experiments.
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1. Introduction

This contribution is concerned with the recovering of both Dirichlet and Neumann
data on some part of the domain boundary, starting from the knowledge of these data on
another part of the boundary for the Helmholtz equation. This data completion question
may be relevant by itself in some practical applications or may be a preliminary step to
others.

For example, the methodology for the crack detection consists in considering a domain
containing a crack located in an already known contour I'. The idea is to break up the
domain into two parts. Then two completion data problems are considered, for the two
sub-domains. These two Cauchy problems are solved, and the jump [u] = (u; — u2) on
I is computed. The crack is localized as is the support of [u].

Among well-known examples, in the elliptic framework, let us mention the non des-
tructive thermal, electrical or mechanical inspection which allows the location of flaws
from knowledge of heat flux-temperature, electrical current-potential or normal stress-
displacement on the surface of manufactured product see [1], [2], [6] and references the-
rein. However, to our knowledge there are very few results for missing boundary data
recovering in the harmonic electromagnetic context.

The continuous problem of the data completion problem for the Helmholtz operator is
formulated as follows. Let € be a bounded domain in R? or R?. The boundary T' = 89,
assumed regular, is split into ', and I'; having both non-vanishing measure, whose outer
normal direction is denoted by n. Given a flux ¢ and the data f on the overdetermined
boundary I'. and when no source is involved, recovering the data on the remainder (in-
complete) part I'; of the boundary is accomplished by solving the Cauchy system that
may be put under the following mathematical setting : find u such that

Au+k2u=0 in 9
Ohu = on I, [1]
u= f on I,

In this note, a reconstruction of the lacking data is proposed which uses the Domain
Decomposition tools (DD). The analogy with DD can be understood as if the two subdo-
mains are, in our case, twin ones (i.e. the same domain £2) sharing the “interface” I'; (i.e.
the boundary where no data are known).

This note is outlined as follows : In the opening section the Cauchy-Helmholtz pro-
blem is rephrased in terms of an interfacial problem using the Steklov-Poincaré operator.
Section 3 is devoted to the numerical resolution of the interfacial equation. Section 4
illustrates the numerical procedures. We end this with some comments.

2. A Steklov-Poincaré formulation for the Cauchy-Helmholtz
problem

The methodology which allows to write the Cauchy-Helmholtz equation in terms of
an interfacial equation has been already presented in the case of the Laplacian operator in
(31, [4].

We have a double condition on T';, let A be an auxiliary field defined on T';, we introduce
two well-defined boundary value problems having a Dirichlet data on I'; equal to A. For
the remaining part of the boundary I'., we can combine different choices for boundary
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conditions (Dirichlet, Neumann or Robin). We select the Robin type boundary condition
onT,.

We consider therefore the two following well-posed Helmholtz problems : Find v(\) and
w(A) solutions of

Av(A) + K> v(A) =0 in Q Aw()) + K> w()) =0 in
Onv(A) — iqu(A) = —igf on T Onw(A) +iqw(A) = ¢ +igf on T
v(A) = A on T w(A) = A on T

(2]

Here g is a real constant. Its choice will be discussed later on.

Solving the Cauchy system (1) is achieved when the data extension A makes v and w
coincide, and the solution is then v = v = w. This leads to write an equation on I'; to be
satisfied by A :

ov(A) _ Ow(N)
on  On

One poses v = v°(\) + v* and w = w®(\) + w*, where we have defined (v°()),
w®(X\)) and (v*, w*) to be solutions of :

(3]

AV(A) + K20°(A) =0 in  Q Aw’(N) + E2w®(A) =0 in  Q

0 ®(\) — igv®(\) =0 on T, 9w’ (\) + iquw®(A\) =0 on T,

vO(A) = A on T w'(A) = A on T
and

Av* + K2 0v* =0 in Q Aw* + E2w* =0 in Q

Ov* —igu* =p—iqf on T, Ow* + iqw* =p+igf on T,

v* =0 on I w* =0 on I

v% and w° are the Helmholtz extensions of A from I'; into 2, noted respectively H_ ()
and H, (A), whereas v* and w* are two Helmholtz extensions of (¢ — iq f) and (p+ iq f)
from I'; into €2, noted respectively R_ (@ — iq f) and Ry (¢ + iq f).

The latter condition (3) amounts to the requirement that A satisfies the Steklov-Poincaré
type equation

SA= x on Iy (4]
where
X:=—0,R_(p—iqf)+ 0 Ry(p+ iqf) (5]
and S is the Helmholtz-Cauchy-Steklov-Poincaré operator formally defined by
S(A) = S_(N) = S+ (A) = 0,H_(A) — 0, H(A). [6]

This operator, borrowed to the domain decomposition community, is widely used
(see [11] and the references therein).
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3. Data completion process and numerical results

Up to now we did not specify the discretization technique used to solve (4). Any stable
numerical technique could be applied. One can adapt the description presented in [3] from
the Laplacian operator to the Helmholtz one. Here the Finite Element code MELINA
([10]) is used.

To conduct the numerical discussion, {2 is considered as a thick annular domain with
radii r; = 1 and r» = 1.5. The internal boundary on which the data is lacking is denoted
I'; and the external boundary on which the data is overspecified is denoted I'.. For this
example, the data is provided by the harmonic function

u = e + e,
f = u and ¢ = 0, u are given on the boundary I..

The meshes we use are triangular, the finite elements are linear. The calculations are
run on a uniform mesh with 100 nodes on I';, 150 nodes on I'. and 1328 nodes on ).
For the numerical reconstruction process we tried successively the Richardson algorithm,
a preconditioned one, and finally a preconditioned Richardson algorithm with dynamic
relaxation.

The Richardson iterations are described by the following iteration equation :

AL = A" 4+ w(SA™ — X) [7]

where w is a coefficient that we choose equal to 1.
Whereas the preconditioned Richardson algorithm is described by :

)\n+1 -\ +SJ:1(S)\n _X) — SII(S_)\n _X) [8]

These two algorithms failed to converge. Let us recall, that this method, introduced
by Koslov in [9], for the Laplacian operator, is relevant to the data completion problem.
However, it was already noticed in [12] that the alternating algorithm of Koslov is no more
relevant for the Helmholtz equation. To overcome this convergence failure, we propose
in the following part to use the dynamic relaxation method as proposed by [7] for the
Laplacian operator.

The introduction of the dynamic relaxation in the preconditioned Richardson algo-
rithm consists in writing the iterative algorithm in the following way :

)\n—i—l — TnS_:l(Sv/\n _ X) + (1 _ rn))\n [9]
where, in the iteration n, the relaxation parameter r™ is updated as the unique real mini-

mizing the functional
¢(r) = IA"(r) = A" ()]

given by
O T i PR MO L P ) [10]
=
|Am — An=1 — STLS_ (An=1 — Xn=2)||pa(p
Here (.,.) denotes the inner product in L2(T;) and || - || is the associated norm.

Figure 1 illustrates the decimal logarithm of the gap between the exact and the recons-
tructed solutions according to the iterations number. The coefficient g is fixed to 10. It is
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Figure 1. Convergence of preconditioned Richardson algorithm with dynamic relaxation.

noted that the algorithm converges and preserves the same behavior for very large orders
of iterations.

We start by reconstructing a pressure field in a annular shaped thick domain with radii
r1 = land ro = 1.5. The left plot of the Figure 2 depicts the computed pressure recovered
in the domain and obtained after 35 iterations, that of the right illustrates the gap between
the exact solution v and the computed solution. Observe that the maximum value of the
error is reached around the internal wall.
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Figure 2. Reconstruction on the internal boundary of a tube : the reconstructed pressure
(left panel) and the gap between the exact and the reconstructed solutions for noise free
data (right panel).

To emphasize the reliability of this algorithm and to attest the stabilizing effect, we
performed a reconstruction of the pressure from some noisy data. Table 1 illustrates the
convergence speed and the accuracy of this algorithm for polluted Dirichlet data with
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different white noise levels. In the legend, u., denotes the exact pressure, u.q; is the
computed one and n is the iterations number in convergence.

Noise level n losee —weat T2y luee —tcatll oo )
||ueac”L2(ri) [weallLoo(r;)
25 % 11 27107° 491073
5 % 9 4921073 7751073
10 % 7 7511073 1.07 102

Table 1 : The convergence speed and the accuracy of the preconditioned Richardson
algorithm with relaxation for polluted Dirichlet data with different noise levels.

In Figure 5 are reported the curves of the recovered pressure and the flux with respect
to the angular abscissa /27 which measures the angle between the z-axis and the line
joining the center of the domain-for noise free and noisy Dirichlet data. In the legend, the
abbreviation N.L. stands for noise level.
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Figure 3. Reconstruction on the internal boundary of a tube : the pressure (left panel) and
the flux (right panel).

To highlight furthermore the capabilities of the preconditioned Richardson algorithm
with relaxation, we carry out some more relevant experiences with some different features
to look at. The domain €2 is the 3D crown spherical centered at the origin with a radii 1.0
and 1.5. The incomplete boundary I'; is inaccessible. The aim of the numerical tests des-
cribed hereafter is the reconstruction of the exact solution .., = €** + e®¥ + e?*. The
computations are realized on the grid with 2066 nodes per interpolation of Lagrange P1.

The plot of the Figure 4 is the representation of the pressure u” recovered in the
boundary T';, obtained after 7 iterations. The Figure 5 depicts the gap between the exact

solution u and the computed solution w7 .

Remark : The Robin coefficient g has a significant impact on the convergence rate of the
preconditioned Richardson algorithm with relaxation. There exists an optimal coefficient
q (for our test case the optimal value of g is 10) which produces a remarkably fast and
convergent solution in comparison with the one obtained for a different value of g.
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Figure 4. Reconstruction on the internal boundary of a sphere : the pressure.
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Figure 5. Reconstruction on the internal boundary of a sphere : the Erreur.

4. Conclusions

This note deals with a method to solve the Cauchy problem for the Helmholtz equa-
tion. A new adaptation of the preconditioned Richardson algorithm with dynamic relaxa-
tion is used for this data reconstruction problem. It does not seen that the reconstruction
problem for Helmholtz equation has been treated in the literature except for the case where
the data are lacking on a flat boundary [12]. Presently further numerical experiments are
going on as well as some practical applications such as the interfacial crack identification
problem.
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