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ABSTRACT. Image inpainting is a fondamental problem in image processing. Furthermore it has
many applications that are motivated by the recent tight frame based method on image restoration
in either the image or the domain transformation [1] & [2]. In this work, we present an inpainting
model based on tixotrop non-Newtonian fluids [3] for damaged wavelet coefficients. The advantage of
this model is to make a benefit from the smoothing model and correct the lying out of the contors by
putting them more clearly. Numerical results using our model show that better inpainting quality can
be achieved with much less computing time.

RESUME. Linpainting est un probléme fondamental dans le processus du traitement d’image. Toute-
fois il possede plusieurs applications qui sont motivées par les develppements recents de la méthode
"tight frame based method " aussi bien pour la restauration d’image que pour la transformation du
domaine [1] & [2] . Nous présentons dans ce travail un modéle issu des fluides non Newtoniens tixo-
tropes [3] pour la restauration des coefficients d’ondelettes endomagés. Lavantage de ce modele est
d’en tirer l'intérét du lissage et corriger les contours en les rendant plus visibles et clair. Les resultats
numériques montrent qu’avec le modéle porposé de meilleurs résultats sont obtenus avec moins de
temps de calcul.
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1. Introduction

Image inpainting refers to filling in missing or damaged regions in an image. Math-
ematically speaking inpainting is essentially an interpolation problem, and thus directly
overlaps with many other important tasks such as computer vision and image processing,
including image replacement [3], disocclusion [7], and error concealment [4] and [8].

The primary motivation for us to study wavelet based image inpainting is that many
images are formatted and stored in terms of wavelet coefficients, especially after the
release of the new image compression standard JPEG 2000, which is largely based on
wavelet transforms including the famous Daubechies 7-9 biorthogonal wavelet decompo-
sion. In the wireless communication of the image, it could happen that certain wavelet
packets are randomly lost or damaged during the transmission process to recover the
original image from their incomplete wavelet transform. This is an inpainting problem
according to the universal definition proposed in [2]. But this task remarkably differs
from the classical inpainting problem in that the inpainting region are in the wavelet
domain.

Working on the wavelet domain, instead of the pixel domain, changes the nature
of the inpainting problem, since damages to wavelet coefficients can create correlated
damage patterns in the pixel domain. For instance, for wavelet based image inpainting
problem, there is usually no corresponding clear cut inpainting regions, which is however
necessary for most existing partial differential equation (PDE) based inpainting models in
pixel domains.

Such considerations have motivated the variational PDE approach in our current work.
This technique has been widely used in numerous applications such as image segmenta-
tion. The growing impact of PDE techniques in image processing is mainly due to their
capability in controlling geometrical features of images. PDEs are usually designed to
possess certain desirable geometrical properties ([5] & [6]). For example, Chan et AL in
[2] their models use the total variation (TV) norm because it can retain sharp edges while
reducing noise and other oscillations. But the corresponding Euler-Lagrange equation is
not trivial to compute since it is highly nonlinear and ill-posed in a strong sense. Further-
more, these models suffer from the staircase effect, i.e. smooth regions are transformed
into piecewise constant regions (stairs). To overcome these deficiencies, we first analyze
the physical characteristic of TV model and explain that diffusion performance of p-
Laplace is superior to that of TV model. Then we present a new inpainting one based on
a tixotrop model for damaged wavelet coefficients. Experimental results show that, with
our method, better inpainting quality can be achieved with much less computing time.
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2. Wavelet inpainting based on a tixotrop model

Here we define a tixotrop model by the energy functional :
O O
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Where O can be adaptively selected based on the local gradient image features that is,
away from the edges, [ tends to 2 to preserve edges. Therefore this new model where
0 = 2 can effectively reduce the staircase effect in TV model whereas it can still retain
the sharp edges. Motivated by [5] & [6], we present a new inpainting model based on the
tixotrop model for damaged wavelet coefficients as :
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where (2 is the image domain, and [J is the inpainting index region.

Because of the fact that the expression of 0 ([I[})) contains a non differentiable term,
it is not possible to obtain a characterization by a variational equation as usual. However,
we can characterize this by the use of a variational inequality. This approach will conduct
us to a regularized model by including a regularization parameter U [J O such that:
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We associate to 0 (0) the energy functional:

O
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and solve the following problem

Find O € 04 (2) such that
VO € O(Q);
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H}(Q) is the Sobolev space defined by the square integrable functions (f € L?((Q2))
such that their derivative in the distribution sense are square integrable. In this case the
inpainting wavelet tixotop model consists of solving the associated Euler-Lagrange equa-
tions:

V (u — up)
Vi + 19— o)

The gradient descent flow of this model is given by:

—eAu—V

+ ik (Bjp — jr) =0 (%)
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(Bix), = eAu—-V + (6)

3. Wavelet inpainting algorithm

To find the minimizer (2), we just need to solve for the solution of the Euler-Lagrange
equation (5). We can also make use of the gradient flow method, which is achieved
by introducing an artificial time variable and solving equation (5) to the steady state for
model (2). The steady state refers to (ﬁ J, k) , =0 this is to say that equation (6) is reduced
to (5). In this paper, an explicit finite difference scheme is used to find the minimizer in
(2). We write:
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The time step is denoted by At and the space grid size is Az. The div is given by :
p},j—pll,l,'j ifl<i<N pfﬁj—pf’jf}if1<j<]\7
div(p)i,; = pzl,j if i=1 + pij if j=1
—p%_Lj ifi=N —pij_l if j=N

for p = (p*, p?).We notice that it is important to evaluate the nonlinear term denoted by:
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The projection of this term on the wavelet basis is presented as :

Dcur = /v v (D — DO) 5 D],k(D)DD (8)
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However many authors, for example [1], [7] and [8] define this term in the pixel do-
main. In this paper we calculate it straight forward by transforming the wavelet domain to
the pixel domain and compute the tixotrop model and then transform back to the wavelet

domain. We write
0D=000594(D) )

where 01051 is the inverse wavelet transform. For all (C(T) we compute :
0=>»0,,0,,0
653
If we put 0 — Oy = O0we get
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where [ is a small positive number which is used to prevent the numerical blow up when

2 2 . o .
\/ |ViO;, ]“ + {D;Dm‘ = Olthis means that we use a local regularization near pixels
with null gradient. Then we compute the curvature projection on the wavelet basis by:

Oewre = 00 0(0000) (10)

where 0 10 is the forward wavelet transform. The complete algorithm can be summar-
ized by the following pseudo-code.

3.1. Algorithm

1000 (0) € O

o0m (om) o

1. Start with 0 = 0 initial guess 079" = 0, ;0, ,, with 0, , = {

Set 07 = 0 and the initial error 0 = |07 — 0°!

|
2. While 0 < 0 or O < [ (U[Ch fixed tolerance), do :
* Set 0004 = Onevp)

* Calculate [, defined by (10 ) using (8) and (9)

* For all (000) Clupdate 035" = Df}ljd + 2L0, ., where 0, ; is defined by

4,32
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Tixo

Vig = Big X
ﬂnew _ ﬂold‘

* Compute error £/ = ‘

, andseti =7+ 1
2
* End the while loop.

4. Simulations and results analysis

To test the models, we use standard Peak Signal Noise Ratio (PSNR) to quantify
the performance of the inpainting. As usual, the larger the PSNR value, the better
the performance. In all examples shown here, we use 7-9 biorthogonal wavelets with
periodic extensions at the boundaries and set g = 0.05 , for noiseless images. The results
are summarized in the following figures:

Figure 1: From top to bottom and letf to right: Original image, 40% wavelet
coefficients radomly damaged (PSNR=8.8245), Restored image by Chan’s model
(Cputime=70.35s, PSNR=26.7320, Iterations= 300), Restored image by our model
(Cputime=38.65s, PSNR=29.4320, Iterations=100), Restored image by Zhang’s
p—Laplace model with p = 1.2 (Cputime=47.32s, PSNR=29.2443, Iterations=200).
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Figure 2: (Left) Inpainting by our model for the squares image, (Right) Evolution of the

PSNR with respect to the number of iterations for different level of damages for the three

models: the red top curve by our model, the blue middle by Zhang’s model and the green
bottom by Chan’s model.

5. Conclusion

In this paper, we have presented a wavelet inpainting model based on a tixotrop model
for restoring an arbitrary number of wavelet coefficients in arbitrary locations for images
with or without noise. Comparing our model to Chan and Shen’s TV wavelet inpainting
model and Zhang wavelet inpainting model based on p-Laplace operator [9] with p =
1.2, we achieve the better inpainting quality with much less computing time, specially
with large number of damaged wavelet coefficients as shown in Figure 1.

This work is the continuation of the part presented in RIMA’09, LAMSIN-Tunis,
where we showed some qualitative results of this model. Here we present results on the
efficiency of the algorithm according to the performance, where the PSNR is calculated
for different level of damages. The numerical curves (Figure 2, right) show that the three
methods can improve image qualities when, up to 40% of the coefficients are lost and our
model is qualitatively better (see the top curve). However if we have more than 40% of
damaged coefficients, we notice the loss of performance, i.e the PSNR decreases, but our
model still give better results. It has also been noticed that our model not only fills in
missing regions, but also restore the sharp edges (Figure 2, left).
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