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ABSTRACT. Optical flow motion estimation from two images is limited by the aperture problem. A
method to deal with this problem is to use regularization techniques. Usually, one adds a regularization
term with appriopriate weighting parameter to the optical flow cost funtion. Here, we suggest a new
approach to regularization for optical flow motion estimation. In this approach, all the regularization
informations are used in the definition of an appropriate norm for the cost function via a trust function to
be defined, one does not ever need weighting parameter. A simple derivation of such a trust function
from images is proposed and a comparison with usual approaches is presented. These results show
the superiority of such approach over usual ones.

RESUME. L’estimation du mouvement par flot optique est sujet au probléme d’ouverture. Pour cela,
on a recours aux techniques de régularisation. De fagon usuelle, on ajoute un terme de régularisation
pondéré a la fonction co(t du flot optique. Dans ce papier, nous proposons une nouvelle approche
pour la régularisation des méthodes de flot optique. Toute 'information de régularisation est utilisée
pour définir une norme appropriée a la fonction codt par I'intermédiaire d’une fonction de confiance qui
permet de se passer du parameétre de poids. Nous proposons une dérivation simplifiée de la fonction
de confiance a partir des images et présentons les résultats comparés avec les méthodes usuelles.
Ces résultats montrent la supériorité de la nouvelle approche
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1. Introduction

Motion estimation is an example of inverse problem in computer vision and images
processing. Inverse problem is used as opposite to direct problem (also known as forward
problem). Given a description of the physical system to be studied, the direct problem
consists in computing the system state from the mathematical model (describing the evo-
lution of the system) and the physical parameters of the system. The inverse problem
consists in using given measurements of the system’s state to infer the values of some
physical parameters of the system. In motion estimation, the inverse problem consists
in determining motion vectors that describe the transport from an image to another. As
most inverse problems, motion estimation is affected by ill-posedness. To address the
ill-posedness, one may use a priori knowledges on the solution of the problem. A priori
knowledges may include :

— background (first guess of the solution if it is available) and and associated statistics
(errors covariance, .. .)

— regularity of the solution
These informations are generally used as constraints to get the appropriate solution when
optimization techniques are used to solve an inverse problem. In usual cases, constrains
are turned into penalization of some characteristics of the solution. This practice is af-
fected by two principal problems: - as the cost function is composite, the convergence rate
of numerical optimization algorithms decreases - when adequate penalization functions
are defined, one has to define the associated weighting parameters that define relative
importance of these functions. The determination of the optimal weighting parameter
requires second order analysis. Here, we suggest a new approach for regularization of ill-
posed inverse problems. We introduce an observation based trust function that is used to
define an appropriate norm for the cost function. This approach does not need extra terms
in the cost function, and of course is not affected nor by the deterioration in the conver-
gence of numerical optimization algorithms, nor by the choice of weighting parameters.

The present document is organized as follow : in section (2), we present inverse prob-
lems in a general framework, the use of a priori informations while solving inverse prob-
lems. In section (3), we present regularization methods for inverse problems; we empha-
size on vector fields regularization. In section (4), we present the derivation of the new
approach and compare it with classical methods.

2. Inverse problems

2.1. Definition of inverse problems
2.1.1. Direct problem

Given a physical system whose state y € ) can be defined as a function of a so-called
control variable v € V
M: YV =) (1]
v o=y =M(v)

The model M (that link the control space V to the state space )) defines the direct prob-
lem. Given a realization of the control variable v, this problem has a unique solution
in the deterministic case. It is common to have not a realization of the control variable,
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but observations of the system state. The problem of inferring the control variable from
observations is known as an inverse problem.

2.1.2. Inverse problem

The inverse problem associated to the direct problem (equation 1) is defined in term
of optimization problem as followed :

find v* = ArgMin(J(v)),v € V (2]

where )
J(v) = Jo(v) = 5[IM(v) — vl (3]

where y© € O is the observed state and ||.|| is the appropriate norm (to be defined ac-
cording to the problem) in the observation space O

The problem defined by (equation 2) is known as the unconstrained inverse problem.
The existence and uniqueness of the solution to the unconstrained problem (equation
2) is guaranteed if .J is strictly convex and lower semi continuous with

J(v) = 400
Ivil—+oco
under these conditions, if J is differentiable, then the solution to the unconstrained inverse
problem (equation 2) is also the solution of the Euler-Lagrange equation

VJ(v)=0 (4]

To address the ill-posedness, one uses of all a priori knowledge of the properties of
the solution.

2.2. Use of a priori knowledges in solving inverse problems

A priori knowledges are a set of constraints on the solution of inverse problems. These
constraints define a subset YW C V of admissible candidates leading to a constraint prob-
lem defined as

find v* = ArgMin(J(v))

veW ]

Here, we are interrested in cases where the set of admissible solutions can mathemat-
ically be defined as W = {v € V/g(v) = 0}, where the function g is to be defined. In
these cases, the constraint problem can be reduced to the unconstrained penalized problem

1
find v = ArgMin(J,(v) + —J.(v)),v eV [6]
where J, is the observation cost function defined by (equation 3) and the constraint cost
function J. is defined as

T(v) = 3 lg)? 7

where ||- || is the appropriate norm (to be defined according to the problem) for the con-
straint. The solution vi — v* when ¢, — 0. Instead of using parameter €. and let it
go to zero, one can use a multiplicative parameter «. and let it go to infinity. We are
going to consider this case in the remaining part of the document. It is known that pure
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penalization as defined above is not numerically efficient; it is better to use augmented
Lagrangian algorithm, see Glowinski et Le Tallec [2]

Developpement here will be limited to background information and the regularity of
the solution. In this cases, the goal is to find the approximation that realizes the best bal-
ance between minimizing the observation cost function and the constraint cost function.
Meaning the choice of the best parameter €. or . is crucial.

2.2.1. Background and background errors covariance

If one gets from some previous process an approximation of the control state and the
associate covariance error also known as background and background covariance errors,
it may be requested that the computed solution be close to this background. This can be
defined in term of penalization as

find v}, = ArgMin(J,(v) + aJu(v)), v € V (8]

where «, is the weighting parameter associated to the background part of the cost function
defined as

1
To(v) = 5lv = V"I [9]

well known as Tikhonov regularization [1]. v® is the background knowledge of the so-
lution, and ||- ||> the appropriate norm sometime defined in term of the covariance errors
matrix B as ||x[|}, = [|x||5-1 = (x, B~ 'x) with (x,y) the dot product in the appropriate
space. The definition of this norm is based on the property that (x, Ay) defines a dot
product if A is symmetric and positive definite; this is the case for covariance matrices
and their inverse.

Background information is very important in solving inverse problems; this is a simple
way to address the ill-posedness of the problem. When there is no initial guess, it is an
usual practice to consider the zero background. In real life applications, the background
comes from a previous analysis.

It is common to define the cost function J in terms of the increment v = v — v
leading to the incremental formulation,

b

1

1
Tv) = SIMEE +6v) = 3013 +

allov]3 [10]

2.2.2. Regularity of the solution

Sometime, the physics of the problem defines the regularity of admissible solutions
(eg. irrotational or divergence free flows). These are constraints defined as functions of
the derivatives of the control variable. In this case, the penalized problem is defined as

find ov}, = ArgMin(J,(0v) 4+ apJy(0V) + . J,(0V)), v € V [11]

where «,. is the weighting parameter associated to the regularization part of the cost func-
tion defined in terms of the derivatives of the control variable. Regularization will be
explored in more details in section (3.)

3. Vector fields regularization

As we said previously, regularization is a class of a priori knowledges used to address
the ill-posedness while solving inverse problem. One adds regularization terms J,. to the
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cost function. The function J,. is based on the derivatives of v. The order of the derivatives
used in the definition of .J, defines the order of the regularization. We will name m-order
regularization those involving up to m—order derivatives.

It is useful to give some specifications of the notations defined in section (2), especially
for the control space.

3.1. Notations

Let €2 be an open subset of R™ (2 C R™), this is the physical space of the system,
we are interested in the control space defined as V = (L?(2))™. Control states are then
definedas v € V = (L2(Q))™, v(x) = (v;(X))1<i<n and x = (z;)1<j<m €

3.2. First order methods

The first order regularization methods define .J,- as a function of the first order deriva-

tivesof v : o
T = J < ”i) [12]
9% ) 1 <i j<n,

The most used of first order regularization methods is the gradient penalization. It has
been used by Horn and Schunck in the formulation of optical flow [3] for motion estima-
tion. The regularization function of Horn and Schunck is defined as follow:

1 n
Jyraa(Vv) = §/QZ||VUZ.||2dx [13]
i=1

For incompressible fluid or irrotational flow, it is common to penalize the divergence or
the curl of the vector field leading to divergence penalization for incompressible fluid
flows

1
Jain(V) = 5/Q||dw(v)||2dx [14]

and curl penalization for irrotational flows

Jeuwr1(V) = %/Qﬂcurl(v)ﬂzdx [15]

3.3. Second order methods

The second order regularization methods are based on the second order derivatives of

2,
To(v) = g, (220
Ox;0xy, 1<i,j,k<n,

An example based on the first order derivatives of div and curl is the regularization of
Suter [8] defined as followed :

[16]

Touten(¥) :%/QaHVdiv(v)Hz + B[ Veurl(v)|2dx [17]

Higher order derivatives of v can also be used for regularization; for example (17) has
been generalized by Chen and Suter [7] using m-order derivatives of div and curl.

Tn(v) = %/ﬂaﬂvmdiv(v)HQ+ﬁ||Vmcurl(v)||2dx 18]
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4. Turning regularization functions into pseudo-covariance
operators

4.1. Regularization operator out of an optimization process : case
of gradient penalization

4.1.1. definition
Let:

— v(x) be an incomplete/inconsistent state of the system being studied with x €
the space on which the system is defined

— (%) a scalar positive trust function given the quality of the state v at x

small value meaning bad/lack/inconsistent state
large value for good quality state

we define a restoration of v as the minimum argument of the function

cw =3 [ DIV + o) — v [19)

The minimization of € is achieved by setting u to be close to v when ¢ is large (v has
required properties) and smooth (small gradient norm) when  is small (v does not have
required properties)

4.1.2. Practical use

Under the conditions given in section (2), MinArg(¢) is defined by the Euler-Lagrange
condition
Vue(u) =0 [20]

The difficulty with nonlinear problems is to express Ve. When Ve is available, it can be
used in descent type algorithms to solve the minimization problem. Ve can be obtained
by making explicit the linear dependency of the Gateaux derivatives € with respect to the
gradient. Development based on vector calculus leads to

Ve () = —Au(x) + p(x)(u(x) - v(x)) [21]

Instead of using classical descent type algorithm to get the solution of the problem,
u; can be considered as a function of time and the solution obtained by solving (22)
according to development in [6],

aui(x, ) = Aui(x,t) — o(x)(ui(x,t) —vi(x)), 1<i<n [22]
the set of equations (22) are known as the generalized diffusion equations. The diffusion
operator £ giving the solution u* = £(v) = minArg(e) can then used as a covariance
operator to define the appropriate norm for the cost function of the inverse problem. In
fact, an appropriate choice of the trust function makes the discrete operator symmetric and
positive definite. This is a good candidate for the definition of an appropriate norm form
the regularization terms of the cost function. We called such a method the generalized
diffusion regularization.
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4.1.3. Generalization

If the regularization term is defined as J,.(v) = ||®(v)||, the function e can be gener-
alized as

) = 5 [ 19000) -+ (o)l lutx) — v(0)]dx 23]

The minimum of ¢ is achieved by setting u to be close to v when ¢ is large (v has required
properties) and ®-smooth when ¢ is small (v does not have required properties). Ve?
will be similar to V9794 of equation (21) with Au(x) replaced by an appropriate term.

4.2. Application to motion estimation

We performed a set of motion estimation’s twin experiments in order to analyze the
behavior of the approach we introduced here. We use images from experimental study of
the drift of a vortex on a turntable [4]. The zonal componentv; = v (z, y) and meridional
component v, = wva(x,y) of the true current velocity are computed by direct image se-
quence assimilation (DISA) [5]. The trust function is defined as the edge map (see [6] for
details on edge map function) of the first image. We use second order analysis to define
optimal parameter for gradient, first order div-curl and second order div-curl (Suter) reg-
ularization. These optimal parameters are then used to make a set of experiments. Figure
(4.2) shows the evolution of the normalized root mean square error (RMSE, log coor-
dinates) on velocity and vorticity with the minimization iterations. The graphic clearly
shows that the approach introduced here is better than the others and their combination.
With this new approach, velocity error decreases from 100% to 10% after 40 iterations
while classical regularization need more than 200 iteration to get the same result. Further-
more, with the new approach, velocity error can be reduced to less than 1% while for the
other methods, the best result is affected by about 10% of error. Vorticity error is reduce
to 4% with the new approach and only to 40% with classical regularization methods.

5. Conclusion

We introduced here a new formalism for taking into account a priori knowledges on
the regularity of the solution while solving inverse problems. This new formalism is based
on the generalized diffusion equations. Preliminary results shows the superiority of this
formalism over classical methods that include regularity informations as penalization in
the cost function.

6. References

[1] A.N.TIKHONOV,“Regularization of incorrectly posed problems”, Soviet Math, vol. 4, num. ,
1963.

[2] R. GLOWINSKI, P. LE TALLEC, “Augmented Lagrangian and Operator Splitting Methods in
Nonlinear Mechanics”, Journal, num. 999, 1987.

[3] BERTHOLD K.P. HORN, BRIAN G. SCHUNCK, “Determining Optical Flow”, Artificial Intel-
ligence,num. 999, 1981.

[4] J.-B. FLOR, I. EAMES, “Dynamcis of monopolar vortices on a topographic beta-plane”, J.
Fluid Mech, num. 456, 2002.

CARI 2010 - YAMOUSSOUKRO
- 179 -



Optimal weighting parameter

1017\\\\‘\\\\‘\\\\‘\\\\‘\\\\7
New formulation
Gradient + Suter regularization
5 r Suter regularization 1
5 10° Gradient regularization
[ i
©
(0] i
€
..Z“‘ ,
Ks)
L 10" —
o] .
>
10-2\\\\‘\\\\‘\\\\‘\\\\‘\\\\
0 100 200 300 400 500
1017\\\\‘\\\\‘\\\\‘\\\\‘\\\\7
S
o 10°
[
©
(0]
€
=
o
£ 10"
(©]
>
10-2\\\\‘\\\\‘\\\\‘\\\\‘\\\\
0 100 200 300 400 500
iterations

Figure 1. Comparison of normalized RMSE on velocity and vorticity, classical regulariza-
tion (optimal parameters) and new formulation; evolution with the minimization’s iterations
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